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Recall: Discrete Random Variable

Discrete Random Variable 7((_;7_) 49‘1(,*,, o f%w"\ -
» X is a discrete random variable if the set of possible values of X, X(Q), is finite or countable. Nolrse
® The probability distribution defined on X(Q) by pi = p(xi) = P(X =xi) N )<7 \
®*p(xi) >0 Y ,p(xi)=1 and P(a<X<b)=3; qx <oPxi) Y22
S

N
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Recall: Discrete Random Variable

Discrete Random Variable

» X is a discrete random variable if the set of possible values of X, X(Q), is finite or countable.
® The probability distribution defined on X(Q) by pi = p(xi) = P(X =x3i)
®p(xi) 20, Y p(xi)=1 and Pla<X<b)=3; qon <bP(xi)

Distribution function of a d.r.v.

» _The distribution function of X, that we note Fx(a), defined for each real number a, —oco < a < oo, by
l Fx(a) =P(X < a)': 2 i/xi<a P(X=x3).
VO\ e \

:,:7< () =P (XK < &)
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Recall: Discrete Random Variable

Discrete Random Variable

» X is a discrete random variable if the set of possible values of X, X(Q), is finite or countable.

® The probability distribution defined on X(Q) by pi = p(xi) = P(X =x3i)
®p(xi) 20, Y p(xi)=1 and Pla<X<b)=3; qon <bP(xi)

Distribution function of a d.r.v.

» The distribution function of X, that we note Fx(a), defined for each real number a, —oco < a < oo, by
Fx(a) =P(X < a)=3;/, <a P(X=x3).

Staircase function.

Fx (a) < 1 (it is a probability).

Fx (a) is continuous at right.
lim Fx(a)=0et lim Fx(a)=1

a— —0o0 a—o0

Pla<X<b)=F(b)—F(a) pour tout a < b
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Recall: Discrete Random Variable

Discrete Random Variable

» X is a discrete random variable if the set of possible values of X, X(Q), is finite or countable.
® The probability distribution defined on X(Q) by pi = p(xi) = P(X =x3i)
®p(xi) 20, Y p(xi)=1 and Pla<X<b)=3; qox <bP(xi)

Distribution function of a d.r.v.

» The distribution function of X, that we note Fx(a), defined for each real number a, —oco < a < oo, by
Fx(a) =P(X < a)=3;/, <a P(X=x3).

Staircase function.

Fx (a) < 1 (it is a probability).

Fx (a) is continuous at right.
lim Fx(a)=0et lim Fx(a)=1

a— —o0 a—oo

Pla<X<b)=F(b)—F(a) pour tout a < b

Moments of d.r.v. zx ;2'1?(7 ) ¢ me?e/\,(, RO AL

» E(X) =3 ;enxiP(x4)

> V) =EOOTTEX) = E (K~ E(xﬂ]z) E(@w)- = g vp(;‘,)

-
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efrei Continuous Random Variable - Density function and Probabilities

» Previously we have dealt with Discrete Random Variables, i.e. variables whose universe is finite or

countable.
» There are however variables whose universe is infinite uncountable. Mm‘d‘té N\\, ,-g Mg\‘)’"&‘“b’
» Examples: -

® The arrival time of a train at a given station. X ( o) - m

® The lifetime of a transistor.

PR3

7< C _DD = E °|Q
g(l)rk X‘ M(::.B

X Ag—v c<en)

o i& web
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INot all Continuous Random Variable have a density function.
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efrei Continuous Random Variable - Density function and Probabilities

» Previously we have dealt with Discrete Random Variables, i.e. variables whose universe is finite or
countable.
» There are however variables whose universe is infinite uncountable.
» Examples:
® The arrival time of a train at a given station.
® The lifetime of a transistor.
Definition
X is a continuous random variable * with density if there exists a non-negative function f defined for any

x € R and verifying for any set B of real numbers the property
+wo Cowd Hong:

P(X € B) :J f(x)dx

@ c® PXER)= | f(x)d « 830

The function f is called density function of the random variable X. # S Iig (»dx = A4
C—a—

PxXram

INot all Continuous Random Variable have a density function.
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. ‘FI‘_Ei Continuous Random Variable - Density function and Probabilities

» Previously we have dealt with Discrete Random Variables, i.e. variables whose universe is finite or
countable.

» There are however variables whose universe is infinite uncountable.

» Examples:

® The arrival time of a train at a given station.

® The lifetime of a transistor.
Definition
X is a continuous random variable ' with density if there exists a non-negative function f defined for any
x € R and verifying for any set B of real numbers the property

P(X € B) :JBf(x)dx

The function f is called density function of the random variable X.

» All probability questions related to X can be treated with f. ,?()(G E 1, 7])
» For example if B = [a, b], we get: = "P(QS X <
L 2
B(xe®) = Plasx<p =] rmax = (Topdx
INot all Continuous Random Variable have a density function. 1
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efrei Continuous Random Variable - Graphical Interpretation

Graphically, P(a < X < b) is the area of the surface between the x-axis, the curve corresponding to f(x) and
the lines x = a and x = b. -

gag@)dx:i
.~
IRTPUS i

w.»mw‘

,KM 1_@;{@

X

Figure 1: P(a < X < b) = area of shaded surface
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efrei Continuous Random Variable - Graphical Interpretation - Example

//;/ ; 0.04
g >
a
° ey R °'°3 e 7
(r&2)
S,,? o Pp(XE€ 7-09.431)
X
of P(X < —10)
) _— ——

- o 2
7% : |
gz—gmxh‘ = gfmév - §5 x4 “20 -1 o
_ S——— =
-0 0

—o Figure 2: The colored areas corresponds to probabilities. f(x) being a probability density function.
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Properties of the density function

f(x) f(x)

Proprieties
For any continuous random variable X of density f: /P(*__. 0;\ ~2

‘*‘N
(> fx) >0 YxeR ngd,__ g—?mdwﬂ-
( f+°° x)dx =1 &I

» Since P(a < X < b) = [P f(x)dx, if a = b then P(X = [%f(x)dx =0
— '\——

» This means that the probability of a contmuous random variable taklng a fixed isolated value is always zero.
| ubssts) IEetece ve)

(=
'P(X;a):‘ P ( o £ X< &,9(1)4-. -
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;%”é%EFr,Ei Continuous Random Variable - Examples

Example
Let X be the random real variable of probability density
k if 0< 5)
f(x>={ R LR X(a)= To,5] .
—_—— 0 if not
P —— —_—

1. Calculate k.
2. Calculate: P(1 < X <3),P(2<X<4)and P(X<3).

> 2
§ we lann tht §gmdsan, §Rawrs Crexdr= Ty o k22 )13
Sak= ?—/15'
2) * ?( 4—‘)(43) Sf(x)dx- 1(1131 1(3) g/
& P(?. < X<Y)- _C'f(gdi— o
) 3 Nate +hat

é P(X<3) = waq, = S,,z/cv-e\t= (3.2 PORS)= AX=3)
s )= 25’," o L;
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Continuous Random Variable - Examples

Example
Let X be the random real variable of probability density

kx if 0<x<5
f — <X X
(x) { 0 if not

1. Calculate k.
2. Calculate: P(1 < X <3),P(2<X<4)and P(X<3).

Example

Let X be a continuous random variable with density function

—_—
Ix+k if 0<x<3

M (x) = { )
0 |f not
P\(\D

1
AR L \ L ey
1. Calculate k. gL < S-g(-pdl = g( o H‘\d\‘ [ K] " j
2. Calculate P(1 < X§2) = }_\—32 =L So k- 4/4?'-
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Distribution function of continuous random variables

Definition
If as for Random Variable Discrete, we define the distribution function of X by: __‘\ks A2
s

N < \\'\
Fx:R—R QA o
x — Fx(a) =P(X < a) :P(V\<°\)

then the relation between the distribution function Fx and the probability density function f(x) is the

following: a
V a€R Fx(a)=P(X<a) =1;m
—o0
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Distribution function of continuous random variables

Definition
If as for Random Variable Discrete, we define the distribution function of X by:
Fx:R — R
x — Fx(a) =P(X < a)

then the relation between the distribution function Fx and the probability density function f(x) is the

following: a
vV a€eR Fx(a):P(Xga):J f(x)dx

Proprieties
For a continuous random variable X:

> FL(x) = £Fx(x) = f(x). when T:x s denvells .

» For all real numbers a < b,

Pla<X<b)=Pla<X<<b)=Pla<X<Db)

=P(a<X<b)=Fx(b)—Fx(a) :Jb f(x)dx

a
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Distribution function of continuous random variables

The distribution function corresponds to the cumulative probabilities associated with the continuous random
variable on an interval.
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Distribution function of continuous random variables

The distribution function corresponds to the cumulative probabilities associated with the continuous random
variable on an interval.

0.04 / w
A

—20 —10 0 a 10 20 30 40
X

Figure 3: The area shaded in green under the curve of the density function corresponds to the probability P(X < a) = Fx (a)
and is 0.5 because this corresponds exactly to half of the total area under the curve.
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Distribution function of continuous random variables

Proprieties
The properties of the distribution function are as follows:

1. Fx is continuous on R, derivable at any point where f is continuous.
2. Fx is increasing on R.
3. Fx has values in [0, 1].
4

lim Fx(x)=0and lim Fx(x)=1.
——00 X—>+00

\'
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Distribution function of continuous random variables

Proprieties
The properties of the distribution function are as follows: V O cr, T(IX(\\:?(XSv)
1. Fx is continuous on R, derivable at any point where f is continuous. & ?\% &< 9,11:1\("* =%

2. Fx is increasing on R. -L\Ng Q),C/F‘I\(“\'-A'

3. Fx has values in [0, 1]. -“-\\& o € Co 3

4. lim Fx(x)=0and lim Fx(x)=1. T ()=P(X<0)

X——00 X—+o00 a 2 12 a
= c%"ﬂ*‘“’- — [ e Je

Example o ) 2C

Let X and Y two random variables of density functions: —0/2c

zfzr -
v T
. N
< x <
fx(x) = kx !f 0SS xS
0 if not -
and &
1
sy+k if 0<y<3
F _ 6Y IY
v(y) { 0 if not
Calculatd Fx(a)\and Fy(a) for all a € R. S
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Function of a continuous random variable

fom) Ca
» Let X be a continuous random variable with density fx and distribution function Fx.

» Let h be a continuous function defined on X(Q), then Y = h(X) is a random variable.
) —
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Function of a continuous random variable

» Let X be a continuous random variable with density fx and distribution function Fx.
» Let h be a continuous function defined on X(Q), then Y = h(X) is a random variable.
» To determine the density of Y, denoted fy, we first compute the distribution function of Y, denoted Fy,

then we derivate it to determine fy.
PR
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Function of a continuous random variable

» Let X be a continuous random variable with density fx and distribution function Fx.
» Let h be a continuous function defined on X(Q), then Y = h(X) is a random variable.
» To determine the density of Y, denoted fy, we first compute the distribution function of Y, denoted Fy,

then we derivate it to determine fy.

Calculating the densities
Let X be a continuous random variable with density fx and distribution function Fx. Find the density
function of the following random variables:

¥ N 3e2(5) 2

» Y=aX+b

> Z=X2 £33 P(2=3) K°<3
(’Tzex = P(x"<3) —\Qgﬂé\‘_ﬁ
= ?( "\<x<--‘!3\

e g-g(z)dtm?( )’—F(-T)
= 25

?
2 s S AT - B T R M FAL zt*r—[ﬂ“"*ﬁ“‘"‘

Function of a continuous random variable
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Function of a continuous random variable

» Let X be a continuous random variable with density fx and distribution function Fx.

» Let h be a continuous function defined on X(Q), then Y = h(X) is a random variable.

» To determine the density of Y, denoted fy, we first compute the distribution function of Y, denoted Fy,
then we derivate it to determine fy.

Calculating the densities

Let X be a continuous random variable with density fx and distribution function Fx. Find the density

function of the following random variables: » Z2Ca)- Co ] .
» Y=aX+Db ¢ ;"g <9 —\:% (== )Jk 3>/A !:t(?)*’ﬁ-
_ s zc Q= V(2=
>27Xj g? Eo,g H ﬁ?( }KCJL)
» T =
. '?(7«43,) < 5
Example 3
Let X a random variable having the density function: S (A% = E‘ﬁz] %
N ° 3se
K(2)=Tq1) =2 x lon()  SoTh ()= 3 3 x4 sezer

N a2 [
Determine the density function of: Y = 3X + l,JZ =X2and T = eX. o ©5Ca= Lall (};& '}>

Mohamad GHASSANY Function of a continuous random variable




f ()= 2% x 4((1\
a1]

/” (x): il(j‘xc_%

kT(_O.): Eilej

1M t3e A o 43, Le R
P(T<E) 4yt e,
Lé e C4/€_J Mo
4 ment .
= ()= PCT &%) Vool e R T e
_P(<E)
_P( X < )
9
= ) ax dv= [19_7
1“ © = ,(M’ L
< _d . ‘
o 46> T - ‘Q'“?’"bx ((+!
Tat C4, (,]'



Expected value

Definition

If X is a continuous random variable of density f, we call the expected value of X, the real E(X), defined by:

—+00
E(X) :J xf(x)dx

—0o0

if it exists.
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Expected value

Definition

If X is a continuous random variable of density f, we call the expected value of X, the real E(X), defined by:

—+00
E(X) :J xf(x)dx

—00

if it exists.

The properties of the expected value of a continuous random variable are the same as for a discrete random
variable.
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Expected value

Definition

If X is a continuous random variable of density f, we call the expected value of X, the real E(X), defined by:

—+00
E(X) :J xf(x)dx

—00

if it exists.

The properties of the expected value of a continuous random variable are the same as for a discrete random
variable.
Proprieties
Let X be a continuous random variable,
»E(aX—l—b):iE(X)—l—b a>0and b eR.
» If X >0 then E(X) > 0.

» If X and Y are two Random Variables defined on the same universe QO then

E(X+Y)=E(X)+E(Y)

Mohamad GHASSANY Moments of Continuous Random Variable 13 /16



Transfer theorem

Theorem

If X is a random variable of density f(x), then for any real function g we have

0o gy
Elg(X)] :f g(x)f(x)dx
—_

—00

£ (x?) - = %7 Pxex)

E o&)= § oo
2l
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rﬁ;t EFfEi Transfer theorem

2 f xe'de
Theorem Py v
%
If X is a random variable of density f(x), then for any real function g we have dor g x ‘ t ) )
1 Dde
+00 - o
Elg00) = | g(x)fx)ax 5 Sea
\
a1 ! Y
— (2 -l Jo
Example l[ Cx 30 [ ]
Let X a random variable of density = ;( A —€Cs O = l(z_c)
f2x if o<x<1
fx(x) { 0 ifnot

Calculate the expected value,f)f Y=3X+1 Z=X?and T = eX

& € (= SxFMdx= §x(mar— sz’m_ [”‘3 =2,
¢ E(XD= Ex: § xfmdx= 8’1 (20d = QE’L o=

- > ¥ p : - jie'!d‘l
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Variance of a continuous random variable

The variance of a random variable V' (X) is a dispersion parameter which corresponds to the centered moment
of order 2 of the random variable X.
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Variance of a continuous random variable

The variance of a random variable V' (X) is a dispersion parameter which corresponds to the centered moment
of order 2 of the random variable X.

Definition

If X is a random variable with expectation E(X), we call the variance of X the real

=
V(X) = E(IX = E(X)P?) = E(X?) — [E(X))?

If X is a continuous random variable, we compute E(XZ) using the transfer theorem,

E(X?) = -[-*—oo x2f(x)dx

o0 —
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Variance of a continuous random variable

The variance of a random variable V' (X) is a dispersion parameter which corresponds to the centered moment

of order 2 of the random variable X.
Definition
If X is a random variable with expectation E(X), we call the variance of X the real

V(X) =E(IX— E(X)J@= E(X?) — [E(X)]?

If X is a continuous random variable, we compute E(Xz) using the transfer theorem,

+o00
E(X?) =-[ x2f(x)dx
Example
Calculate la variance of X defined‘in the previous example. ,g 2 (1\ 2~x * /«é;)‘
2y _ 2 — _
EK:Y3 , ©%): S’i Londe = _4/L

®
Voo=ead-€goa = Lope -
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Variance and standard deviation

Proprieties
If X is a random variable with a variance then:
» V(X) >0, if it exists. —
» VaeR V(aX) = a?V(X)
» V (a,b) €ER,V(aX +b) = a?V(X)
» If X and Y are two independent Random Variables, V(X + Y) = V(X) + V(Y)

\/C)(—\—\{): \/()(')«\-\/C\f)-\ 2(.0\)C“K/Y)
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Variance and standard deviation

Proprieties
If X is a random variable with a variance then:
» V(X) >0, if it exists.
» VaeR V(aX) = a?V(X)
» V (a,b) €ER,V(aX +b) = a?V(X)
» If X and Y are two independent Random Variables, V(X + Y) = V(X) + V(Y)

Definition

If X is a random variable with variance V (X), we call the standard deviation of X the real:
-

Ox = \/V(XJ
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